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Abstract
Bonatti and Langevin constructed an Anosov flow on a closed 3-manifold with a transverse torus intersecting all orbits except
one [C. Bonatti, R. Langevin, Un exemple de flot d’Anosov transitif transverse à un tore et non conjugué à une suspension, Ergodic
Theory Dynam. Systems 14 (4) (1994), 633–643]. We shall prove that these flows cannot be constructed on closed 4-manifolds.
More precisely, there are no Anosov flows on closed 4-manifolds with a closed, incompressible, transverse submanifold intersecting
all orbits except finitely many closed ones. The proof relies on the analysis of the trace of the weak invariant foliations of the flow
on the transverse submanifold.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
Most dynamists believe that Anosov flows on closed 4-manifolds have a global cross section. This is the four-
dimensional version of the Verjovsky–Ghys conjecture claiming that property for all codimension one Anosov flows
on closed n-manifolds n 4 [4,5]. Although the conjecture is open for all n 4 we know it is true if the fundamental
group of the manifold is solvable or if the invariant subbundles of the flow are sufficiently smooth [4,9,11,12]. Now,
a possible counterexample for the conjecture would be an Anosov flow with a transverse torus intersecting all orbits
except one. The idea is to repeat in dimension 4 or more the construction in dimension 3 done by Bonatti and Langevin
[1,2]. However, we shall prove that such a construction is not possible in dimension 4. Indeed we prove that there are
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C.M. Carballo et al. / Topology and its Applications 154 (2007) 326–332 327no Anosov flows on closed 4-manifolds with a closed, incompressible, transverse submanifold intersecting all orbits
except finitely many closed ones. Incompressibility is a natural assumption motivated by [3].
Let us present our result in a precise way. Hereafter Xt will be a C∞ flow on a manifold M . We say that Xt is
Anosov if the tangent bundle decomposes as a Whitney sum TM = Es ⊕ EX ⊕ Eu such that Es is exponentially
contracting, Eu is exponentially expanding and EX is tangent to Xt . An Anosov flow is codimension one if either
dim(Es) = 1 or dim(Eu) = 1. Every Anosov flow on a 4-manifold is codimension one. A manifold is closed if it is
compact, connected and boundaryless. A submanifold S of M is incompressible if its fundamental group injects into
the one of M . Examples of incompressible submanifolds are the closed submanifolds transverse to Anosov flows on
closed 3-manifolds [3] and, further, the global cross sections for flows. Incompressible submanifolds are important in
geometric topology [7]. Our main result is the following.
Theorem 1. There are no Anosov flows on closed 4-manifolds exhibiting a closed, incompressible, transverse sub-
manifold intersecting all orbits except finitely many closed ones.
As a consequence of Theorem 1 we obtain the nonexistence of Bonatti–Langevin examples of Anosov flows on
closed 4-manifolds. More precisely, we have the following.
Corollary 2. There are no Anosov flows on closed 4-manifolds exhibiting a closed, incompressible, transverse sub-
manifold intersecting all orbits except one.
The proof of Theorem 1 only works in dim = 4 since we use the Novikov’s Theorem in the transverse submanifold
(which has dim = 3). However, some parts of the proof also work in the codimension one case even if dim > 4 (see
Remark 5). Our results motivate the question if a closed submanifold transverse to an Anosov flow is incompressible
(the answer is positive if dim = 3 by [3]). Another question is if the Verjovsky–Ghys conjecture holds for Anosov
flows with a closed transverse submanifold. We would like to extend our results to higher dimension.
2. Proof
It is convenient to remember some concept related to Anosov flows Xt . We always assume that Xt is C∞ and
generated by a vector field denoted by X. By definition there are a continuous invariant tangent bundle decomposition
TM = Es ⊕ EX ⊕ Eu and positive constants β,λ such that the following properties hold:
(1) Es is contracting, i.e.∥∥DXt(x)/Esx∥∥ β · eλt , ∀x ∈ M, ∀t > 0.
(2) Eu is expanding, i.e.∥∥DXt(x)/Eux∥∥ β · eλt , ∀x ∈ M, ∀t < 0.
(3) EX is tangent to X, i.e. EXx is the subspace in TxM generated by X(x).
The Invariant Manifold Theory [8] asserts that there are foliations F ss , Fuu, F s , Fu in M tangent respectively to
the subbundles Es , Eu, Es ⊕EX , EX ⊕Eu. As usual F s (respectively Fu)) is called the weak stable (respectively un-
stable) foliation of X. Analogously F ss (respectively Fuu)) is called the strong stable (respectively unstable) foliation
of X. We have the following dynamical characterization of the leaf F∗x of F∗ containing x ∈ M (∗ = s, u, ss, uu):
F ssx =
{
y ∈ M: lim
t→∞d
(
Xt(y),Xt (y)
)= 0},
Fuux =
{
y ∈ M: lim
t→−∞d
(
Xt(y),Xt (y)
)= 0},
F sx =
⋃
t∈R
F ssXt (x) and Fux =
⋃
t∈R
FuuXt (x).
It follows in particular that the first two foliations are invariant (Xt(F∗x ) = F∗Xt (x) for ∗ = ss, uu and all t ∈ R) while
the last two ones are fixed (Xt(F∗x ) = F∗x for ∗ = s, u and all t ∈ R). If ∗ = ss, uu the leaves of F∗ are planes.
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∗ = s, u and F∗x has no periodic orbits, then every orbit of Xt in F∗x intersects F∗∗x in a single point. If F∗x contains
a periodic orbit O with period T and x ∈ O , then XT (F∗∗x ) = F∗∗x and the restriction XT /F∗∗x :F∗∗x → F∗∗x is either
a contraction (for ∗ = s) or an expansion (for ∗ = u) with fixed point x. It follows in particular that F∗x contains only
one periodic orbit of Xt .
The proof of Theorem 1 is by contradiction: Suppose that there is a C∞ Anosov flow Xt on a closed 4-manifold M
exhibiting a closed, incompressible transverse submanifold S intersecting all orbits except finitely many closed ones.
We have that Xt is codimension one since dim(M) = 4. We can assume dim(Eu) = 1 by reversing the flow if nec-
essary. So, the invariant foliation F s is codimension one and also C1 since Xt is C∞ [8]. Using a finite covering we
can assume that S is orientable and that F s is transversely orientable. Let F s be the foliation induced by F s in S. It
follows that F s is a C1 transversely orientable codimension one foliation of S.
In the sequel we shall prove the following two assertions related to F s :
Assertion (1): F s has no Reeb components.
Assertion (2): F s has a leaf which is not incompressible in M .
Proof of Theorem 1 using the assertions. Assertion (1), the C0 Novikov’s Theorem (e.g. [6, Theorem 3.4 p. 147])
and the fact that S is orientable and F s is transversely orientable imply that the leaves of Fu are incompressible
in S. As S is incompressible in M by hypothesis we would have that the leaves of Fs are also incompressible in M .
However, this is not possible by Assertion (2). This contradiction finishes the proof of Theorem 1. 
Now we prove the assertions. The proof is based on the next lemmas whose statement use the following notation.
Denote by σS the union of the orbits of Xt which do not intersect S, i.e.
σS =
{
q ∈ M: Xt(q) /∈ S, ∀t ∈R
}
.
By hypothesis there are finitely many closed orbits {O1, . . . ,Ok} of Xt such that
σS =
k⋃
i=1
Oi.
Denote by
Π : Dom(Π) ⊂ S → S
the Poincaré return map induced by X in S where Dom(Π) stands for the domain of Π . Denote by Π−1 : Dom(Π−1) ⊂
S → S the inverse of Π . Clearly Π and Π−1 are C∞ diffeomorphisms.
The lemma below describes Dom(Π) and Dom(Π−1) using O1, . . . ,Ok . It corresponds to Lemma 3.5 in [10]. We
denote by Fu the C0 one-dimensional foliation induced by the unstable foliation Fu of Xt .
Lemma 3. For every i = 1, . . . , k there are closed leaves Ti of F s and closed leaves Ci1,Ci2 of Fu (possibly Ci1 = Ci2for some i) such that if
T =
k⋃
i=1
Ti and C =
k⋃
i=1
(
Ci1 ∪Ci2
)
,
then the following properties hold:
(1) There is pi ∈ Oi such that Ti ⊂F spi and Ci1 ∪Ci2 ⊂Fupi . Each Ti has infinite fundamental group.(2) Dom(Π) = S \ T . In particular, Dom(Π) is F s -invariant.
(3) Dom(Π−1) = S \C. In particular, Dom(Π−1) is Fu-invariant.
(4) Ti is not incompressible in M for all i = i, . . . , k.
Proof. Fix i = 1, . . . , k and pi ∈ Oi . For simplicity we write p = pi and O = Oi . Consider the weak stable leaf F ssp
of X containing p. Let t be the period of O . Then the time t map Xt carries F ssp into itself and is contracting. Using
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this we can construct a fundamental domain of F ssp , i.e. a subset Dss ⊂F ssp \O intersecting all the orbits of X in F sp .
Analogously we can construct a fundamental domain Duu of Fuu. Note that Dss = S1 ×[0,1], and so, ∂Dss is formed
by the closed curves Cp (the external one) and Vp (the internal one) indicated in Fig. 1. In addition Duu is formed
by two intervals Iuu1 , I
uu
2 which are either disjoint or equal (the last case happens just when the expanding eigenvalue
of Oi is negative). We shall assume hereafter that Iuu1 and Iuu2 are disjoint (the other case is similar). Clearly we can
choose Dss (respectively Duu) close enough to p to ensure that the positive (respectively negative) orbits with initial
points in Dss (respectively Duu) do not intersect S.
Observe that the negative orbit of q ∈ Dss intersects S. Indeed, if there were q ∈ Dss whose negative orbit does
not intersect S, then we would have q ∈ σS a contradiction since Dss ∩ Oj = ∅ for j = 1, . . . , k. Analogously we
have that the positive orbit of q ∈ Duu intersects S. Using these facts we can define two Poincaré maps P ss :Dss → S
and Puu :Duu → S defined by the first intersection point of the negative (respectively positive) orbit of q ∈ Dss
(respectively q ∈ Duu) with S.
P ss is clearly C1 and carries both Cp and Vp to a common closed curve C˜p in S. Analogously Puu carries the
boundary points of Iuu∗ to a common point in S (∗ = 1,2). This implies that the image Ti = P ss(Dss) is a compact
leaf of F s which is either a torus or a Klein Bottle. Hence Ti has infinite fundamental group for all i. Analogously the
image Puu(Duu) = Ci1 ∪Ci2 where Ci1,Ci2 are closed leaves of Fu (see for instance Fig. 1 and the proof of Lemma 3.5,
p. 739 in [10]). Clearly Ti ⊂F sp and Ci1 ∪ Ci2 ⊂F sp and so property (1) of the lemma holds.
Let us prove that the set T satisfies the property (2). By construction we have Ti ⊂ S \ Dom(Π) (for all i) and so
T ⊂ S \ Dom(Π). Then S \ T ⊃ Dom(Π) by taking complement in S. On the other hand, if q ∈ S \ Dom(Π), then
the positive orbit of q does not intersect S. It follows that q ∈F sp (for some p ∈ Oi and some i = 1, . . . , k), and so, the
positive orbit of q intersects Dss at some point q ′. By the definition of Dss and P we conclude that q ∈ Ti by taking
the backward orbit of q ′. We conclude that S \ Dom(Π) ⊂ T and so Dom(Π) ⊃ S \ T by taking complements. This
proves Dom(Π) = S \ T and so property (2) holds.
Analogously we prove the property (3). To prove property (4) we observe that the closed curve C˜p is essential in Ti
but not in M : It is freely homotopic to the point p ∈ O indicated in Fig. 1. This proves the lemma. 
Hereafter T and C are as in Lemma 3. We use the notation F ∗x to indicate the leaf of F ∗ containing x ∈ S (∗ = s, u).
Lemma 4. If x ∈ Dom(Π), then F sx ⊂ Dom(Π) and Π(F sx ) = F s \C.Π(x)
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equation of the lemma. As already mentioned the definition of F s implies Π(F sx ) ⊂ F sΠ(x) since Π(F sx ) is both
connected and contained in F sΠ(x) ∩ S. Clearly Π(F sx ) ⊂ Dom(Π−1) and so Π(F sx ) ⊂ F sΠ(x) \ C by the form of
Dom(Π−1) in Lemma 3(3). We claim that Π(F sx ) is open and closed in F sΠ(x) \C. First we prove that Π(F sx ) is open
in F sΠ(x) \ C. For this we simply observe that Π/Fsx :F sx → F sΠ(x) is a continuous injective map between surfaces.
Then Π(F sx ) is open in F sΠ(x) \C by invariance of domain. Now we prove that Π(F sx ) is closed in F sΠ(x) \C. For this
we choose z ∈ F sΠ(x) \C in the closure of Π(F sx ) with respect to the intrinsic topology of F sΠ(x). Then, for every F s -
plaque U ⊂ F sΠ(x) \ C containing z we have that U ∩ Π(F sx ) = ∅. Observe that F sΠ(x) ∩ C is a discrete set in F sΠ(x)
since C is a finite union of closed curves transverse to Fu. Then F sΠ(x) ∩C is closed in F sΠ(x) and does not contain z.
Hence we can choose the plaque U such that U ∩ C = ∅. Then U ⊂ Dom(Π−1) by Lemma 3(3). Set y = Π−1(z).
By the Local Product Structure of hyperbolic sets [5] we can choose U such that its preimage V = Π−1(U) is a
plaque of F s containing y. As U ∩Π(F sx ) = ∅ we have V ∩F sx = ∅ and so V ⊂ F sx since V is a plaque of F s . Hence
U = Π(V ) ⊂ Π(F sx ). As y ∈ V we have that z = Π(y) ∈ U and so z ∈ Π(F sx ). Then Π(F sx ) contains its closure
points z proving that Π(F sx ) is closed in F sΠ(x) \C. The claim is proved. Now we finish as follows. On the one hand,
F sΠ(x) \C is connected because F sΠ(x) ∩C is discrete and dim(F s) = 2. On the other hand, the claim says that Π(F sx )
is open and closed in F sΠ(x) \C. These facts imply Π(F sx ) = F sΠ(x) \C which is the equation of the lemma. The proof
follows. 
Remark 5. The proof of Lemma 4 does not work in dimension 3. The reason is that in such a case dim(F s) = 1 and
then F s
Π(x)
\C is disconnected. Actually Lemma 4 is false in dimension 3 by the Bonatti–Langevin example [2]. This
observation is one of the reasons why the example of Bonatti–Langevin exists in dimension 3 but not in dimension 4.
However Lemma 4 is true in dimension >4 for the codimension one case.
Next we prove that Π preserves compact or plane leaves of F s .
Lemma 6. If x ∈ Dom(Π) and F sx is either a compact or a plane leaf, then F sx ⊂ Dom(Π) and Π(F sx ) = F sΠ(x).
Proof. First of all F sx ⊂ Dom(Π) since x ∈ Dom(Π) and Dom(Π) is F s -invariant by Lemma 3(2). The left-hand side
of the equation in Lemma 4 is compact or simply connected depending if Fsx is (respectively). Second the right-hand
side of the equation is neither compact nor simply connected unless F sΠ(x) ∩ C = ∅ (where C is as in Lemma 3(3)).
These two observations imply Π(F sx ) = F sΠ(x) when F sx is either a compact or a plane leaf. This proves the lemma. 
Afterward we prove that the compact leaves of F s are precisely the Π -preimage of the leaves in T .
Lemma 7. If F is a compact leaf of F s , then there is n 0 such that Πn(F) is a leaf of F s in T .
Proof. Pick x ∈ F so that F = F sx . Hence F sx is a compact leaf of F s . If x /∈ Dom(Π), then F sx ⊂ T by the form of
Dom(Π) in Lemma 3. In such a case n = 0 works. Then, we can assume x ∈ Dom(Π). Let us show that F sx contains
a closed orbit. By contradiction suppose that it is not so. Then, F sx = F ssx × R. Moreover, every orbit of Xt in F sx
intersects F ssx in a unique point. Using this we can define a continuous injective map F sx → F ssx between surfaces.
This contradicts invariance of domain since Fsx is a closed surface and F ssx = R2 is not. This proves that F sx contains
a closed orbit. Denote such an orbit by L.
We claim that L ∩ S = ∅. Indeed, suppose by contradiction that L ∩ S = ∅. Then, L ∩ S is a finite nonempty set
{l1, . . . , lk}. Obviously L ∩ S = {l1, . . . , lk} ⊂ Dom(Π) and we can assume that {l1, . . . , lk} is ordered in a way that
Π(li) = li+1 (mod k). As li ∈ Dom(Π) for all i we have F sli ⊂ Dom(Π) for all i since T is F s -invariant. As L is a
periodic orbit contained in FSx we have that the positive orbit of x converges to L. Pick a plaque U of F s containing l1
(thus U ⊂ F sl1 ). Note that U is a neighborhood of l1 in F sl1 ∩ S. As the positive orbit of x converges to L we have
that there is a first n′′  0 such that Πn′′(x) ∈ U . Since U ⊂ F sl1 we conclude that Πn
′′
(x) ∈ F sl1 . Consequently
Πn
′′
(x) ∈ F sl1 ∩ F sΠn′′ (x) and so F sl1 ∩ F sΠn′′ (x) = ∅ proving
F sl = F s n′′ .1 Π (x)
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morphism and F sx is compact. Repeating the argument we conclude that F sΠn′′ (x) is also compact. As F
s
l1
= F s
Πn
′′
(x)
we conclude that F sl1 is compact. It then follows from Lemma 6 that Π(F
s
li
) = F sli+1 (mod k). Applying Πk we
get Πk(F sl1) = F sl1 which is a contradiction because, in that case, the map Πk/Fsl1 would be a contracting self-
diffeomorphism of the closed manifold F sl1 . This contradiction proves the claim.
Finally we prove the lemma. The previous claim says that L ∩ S = ∅. Then, L ⊂ σS by the definition of σS .
It follows that the positive orbit of x goes to σS . Then, by the definition of σS , there is a first n′ > 0 such that
Πn
′
(x) /∈ Dom(Π). So, Πn′(x) ∈ T by Lemma 3(2). As before we have Πn′(F sx ) = F sΠn′ (x) by Lemma 6 since F sx is
compact and x ∈ Dom(Π). As Πn′(x) ∈ T and T is F s -invariant we have that F s
Πn
′
(x)
⊂ T . It follows that Πn′(F ) =
Πn
′
(F sx ) = F sΠn′ (x) is a leaf of F s in T . Then n = n′ works. 
Now we prove that Π carries Reeb components of F s into Reeb components of F s .
Lemma 8. If R ⊂ S is a Reeb component of F s contained in Dom(Π), then Π(R) is a Reeb component of F s .
Proof. Let R ⊂ Dom(Π) be a Reeb component of F s . Then, by definition, R is diffeomorphic to the solid torus
D2 × S1 and F s/R is equivalent to the standard Reeb foliation in D2 × S1. As Π is a diffeomorphism in its domain
we also have that Π(R) is diffeomorphic to D2 × S1. On the other hand, Lemma 6 implies Π(F sx ) = F sΠ(x) for every
x ∈ R because R ⊂ Dom(Π) and F sx is either compact or plane for every x ∈ R. It follows that Π/R :R → Π(R) is
an equivalence between F s/R and F s/Π(R). So, F s/Π(R) is equivalent to the standard Reeb foliation in D2 × S1
since F s/R is. We conclude that Π(R) is a Reeb component of F s and the proof follows. 
The next lemma proves that no leaf of F s in T bounds a Reeb component.
Lemma 9. No leaf of F s in T bounds a Reeb component of F s .
Proof. Suppose by contradiction that there is a leaf A of F s in T which bounds a Reeb component R of F s . Then,
A = Ti for some i where Ti is a closed leaf of F s in T obtained from the closed orbit Oi ⊂ σS as in Lemma 3(1). Let
Ci1,C
i
2 be the associated closed leaves of F
u as in Lemma 3(1).
Choose a plane leaf L˜ of F s contained in the interior Int(R) of the Reeb component R. Then, L˜ ⊂ Dom(Π) since
the leaves of F s not contained in Dom(Π) are precisely the ones in T (which are compact). Choose also a small circle
Δ˜ ⊂ L˜ close to the compact leaf A = ∂R. Since L˜ is a plane leaf we have that Δ˜ bounds a 2-disk V˜ (see Fig. 2).
As Δ˜ ⊂ L˜ we have Δ˜ ⊂ Dom(Π) and so Δ = Π(Δ˜) is a well defined circle in S. Now, if we choose Δ˜ close to A,
then the positive orbits of X in between Δ˜ and Δ pass first close to the fundamental domain I i1 (say) before arrive
to Δ. It follows that the circle Δ is close to Ci1. Let L denote the leaf of F
s containing Δ. Since Δ is close to Ci1 we
have that Δ bounds a 2-disk D in L intersecting Ci1 in a single point as indicated in Fig. 2.
Clearly V˜ ⊂ Dom(Π) and so V = Π(V˜ ) is a well defined 2-disk in L. We have ∂D = ∂V = Δ and in addition
either D = V or D ∩ V = Δ. However D ⊂ Dom(Π−1) (because D intersects Ci1) and V ⊂ Dom(Π−1) (because
V = Π(V˜ )). We conclude that D ∩ V = Δ and so L = D ∪ V . But D and V are 2-disks. So, L is a 2-sphere.
Consequently Fs contains a leaf L which is closed and has finite fundamental group. It would follow from the Reeb
Stability Theorem [6] that the leaves of F s are all compact with finite fundamental group. But this is impossible
because, by Lemma 3(1), F s has at least one leaf with infinite fundamental group. This contradiction proves the
lemma. 
Proof of Assertion (1). Assume by contradiction that it is not true. Then, Fs has a Reeb component R. Clearly the
boundary torus ∂R of R is a compact leaf of F s . By Lemma 7 applied to ∂R we have that there is a first n ∈ N such
that Πn(∂R) is a leaf in T . Lemma 8 implies that Πn(R) is a Reeb component of F s . Summarizing Πn(∂R) is a leaf
in T bounding the Reeb component Πn(R) of F s , a contradiction by Lemma 9. This proves Assertion (1). 
Proof of Assertion (2). Direct from Lemma 3(4). 
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